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We consider which ordinals, with the order topology, can be Stone–Cˇech remainders of
which spaces of the form ψ(κ,M), where ω κ is a cardinal number and M⊂ [κ]ω is
a maximal almost disjoint family of countable subsets of κ (MADF). The cardinality of the
continuum, denoted c, and its successor cardinal, c+, play important roles. We show that
if κ > c+, then no ψ(κ,M) has any ordinal as a Stone–Cˇech remainder. If κ  c then for
every ordinal δ < κ+ there existsMδ ⊂ [κ]ω , a MADF, such that βψ(κ,Mδ) \ ψ(κ,Mδ)
is homeomorphic to δ + 1. For κ = c+, βψ(κ,Mδ) \ ψ(κ,Mδ) is homeomorphic to δ + 1
if and only if c+  δ < c+ · ω.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
In our previous paper [3] we considered the Stone–Cˇech compactiﬁcation of a class of spaces we called ψ-spaces. This
class of spaces was inspired by (and include) the spaces N ∪ R of S. Mrówka [10–12] and the space Ψ attributed to John
Isbell in [5]. The purpose of this paper is determine which ordinals can be Stone–Cˇech remainders of which ψ-spaces. The
main step is the following theorem.
Theorem 1.1. The cardinal c+ is the largest cardinal that satisﬁes the following property: for every cardinal ω  κ  c+ , there exists
M ⊂ [κ]ω a MADF such that the Stone–Cˇech remainder of ψ(κ,M) is homeomorphic to κ + 1 with the order topology.
There are other ordinals that are Stone–Cˇech remainders of ψ-spaces provided ω  κ  c+ , and no ordinals can be
remainders for any ψ-space with κ > c+ (see Section 4).
We now recall the deﬁnitions of terms given in Theorem 1.1. Let c denote the cardinality of the continuum, c+ the
immediate successor cardinal to c, and c++ the immediate successor cardinal to c+ .
Let κ ω be an inﬁnite cardinal number. An inﬁnite family A of countably inﬁnite subsets of κ (A ⊂ [κ]ω) is an almost
disjoint family (ADF) provided for all A, A′ ∈ A, if A = A′ then A ∩ A′ is ﬁnite. We say that a family A ⊂ [κ]ω is a maximal
almost disjoint family (MADF) provided A is an ADF and is not properly contained in any other almost disjoint family of
countable subsets of κ .
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as a base all singletons {α} for α < κ and all sets of the form {A} ∪ (A \ F ) where A ∈ A and F is ﬁnite.
When the set κ and the MADF M ⊂ [κ]ω are understood, we sometimes write ψ instead of ψ(κ,M) and we refer to
such space as ψ-space. By the word “space” we mean a Tychonoff space. This includes all ψ-spaces because ψ-spaces are
locally compact, zero-dimensional Hausdorff spaces (see [3]). Since ψ-spaces are locally compact, the remainder βψ \ ψ is
closed in βψ , hence compact. Thus if the remainder βψ \ ψ is homeomorphic to an ordinal it must be a successor ordinal.
The countable case (κ = ω) of ψ-spaces has been extensively studied. For example, we mention part of our previous
paper [3, Section 11], papers of S. Mrówka [10–12], J. Terasawa [13], A. Dow and P. Simon [2], J. Kulesza and R. Levy [8],
M. Hrušák and S. García-Ferreira [9], and papers cited in them.
We recall the property of Stone–Cˇech remainders which says for any space X
|βX | 22d(X) .
Hence d(βX \ X)  |βX \ X |  22d(X) where d(X) denotes the density of a space X , which is the smallest cardinality of a
dense subset of X . Applying this to ψ(κ,M) we get that d(βψ \ ψ)  22κ . We improve this estimate by proving that for
any ψ(κ,M),
d(βψ \ ψ) |M|ω = κω
(see Lemma 3.3), and we use this in Section 4.
Our proof of Theorem 1.1 has two main steps given in Section 2, and Corollary 1.8. In Section 2, we prove
Theorem 1.3. For every inﬁnite cardinal κ  c+ , there exists M ⊂ [κ]ω a MADF such that the Stone–Cˇech remainder of ψ(κ,M) is
homeomorphic to κ + 1 with the order topology.
We use the terminology from [4] and our previous paper [3]. In particular, H denotes the closure of a set H in βψ ,
and for ω  κ , the ω-th root of κ is deﬁned by ω
√
κ = min{μ: μω  κ} (cf. [6, p. 88]). We also use the following results
from [3].
Lemma 1.4 (Clopen Set Lemma). ([3, Lemma 3.4]) Let M ⊂ [κ]ω be a MADF. If X ⊂ ψ = ψ(κ,M) then there is a clopen set W in ψ
such that X ⊂ W and |W | |X |ω .
Lemma 1.5. ([3, Corollary 5.3]) If ω κ  c then there exists a MADF M ⊂ [κ]ω such that |βψ(κ,M) \ ψ(κ,M)| = 1.
Proposition 1.6. ([3, Proposition 6.3]) If κ > c, M ⊂ [κ]ω is a MADF, and B ⊂ M with |B| > c, then |B \ B|  ω√|B|, where the
closure is taken in βψ(κ,M).
We wish to consider the (initial) ordinal c+ , and also for each n  1, the ordinal which is n consecutive copies of c+ .
Recall this ordinal is denoted by c+ · n, and moreover c+ · ω = sup{c · n: n 1} [7, 7.19].
Theorem 1.7. If δ  c+ · ω, then there does not exist κ ω and M ⊂ [κ]ω such that βψ \ ψ ∼= δ + 1.
Proof. Let δ  c+ · ω, and κ  ω. We need to show that there is no M ⊂ [κ]ω MADF such that βψ \ ψ ∼= δ + 1. By
contradiction, suppose that M is such a MADF. Then for each n  1, let Un be a clopen subset of βψ such that Un ∩
(βψ \ ψ) = [0, c+ · n]. Since the sets (Un+1 \ Un) ∩ ψ are clopen in ψ , each is itself a ψ-space, whose set of non-isolated
points is (Un+1 \ Un) ∩ M and its remainder (Un+1 \ Un) ∩ (βψ \ ψ) ∼= (c+ ·n, c+ · (n+ 1)] has c+ isolated points, hence has
cellularity c+ . Thus |(Un+1 \ Un)∩ M| c+ by Lemma 3.2. Pick countably inﬁnite sets En ⊂ (Un+1 \ Un)∩ M. By the clopen
set lemma there exists a clopen set W in ψ such that
⋃
n∈ω En ⊂ W , and |W |  c. Then δ ∈ W . Since |W |  c, we may
pick countably inﬁnite sets Fn ⊂ [(Un+1 \ Un) ∩ M] \ W . Then δ ∈ ψ \ W . But this is impossible because W and ψ \ W are
disjoint clopen sets in ψ , hence W and ψ \ W are disjoint in βψ . 
We now get the following
Corollary 1.8. If κ  c++ and M ⊂ [κ]ω is a MADF, then βψ \ ψ is not homeomorphic to any ordinal whatsoever.
Proof. Let κ  c++ and M ⊂ [κ]ω a MADF. By Proposition 1.6, |βψ \ ψ | |M| c++ . Thus if βψ \ ψ is homeomorphic to
an ordinal δ + 1, we know that δ  c++ > c+ · ω. But this contradicts Theorem 1.7. 
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Let λ0 = ω and {λα: α < κ} list in order the set of all limit ordinals less than κ . We construct Mα , zα and ϕα satisfying
(i) Mα ⊂ [λα]ω is a MADF,
(ii) β < α < κ imply that Mβ ⊂ Mα ,
(iii) (βψ(λα,Mα) \ ψ(λα,Mα)) \ [⋃{βψ(λτ ,Mτ ): τ < α}] = {zα},
(iv) the map ϕα : α + 1 → {zβ : β  α} deﬁned by ϕ(τ ) = zτ (for all τ  α) is a homeomorphism from the ordinal α + 1
onto βψ(λα,Mα) \ ψ(λα,Mα).
To simplify the notation we put ψα = ψ(λα,Mα) when we have constructed Mα . Concerning (iii), we note that βψτ is an
acceptable notation for clβψα (ψτ ) because we will have for every τ < α that ψτ is a clopen subset of ψα , hence clβψα (ψτ )
may be taken to be βψτ .
We proceed by recursion on κ , and assume we have constructed Mα , zα and ϕα for all α < γ where γ  κ . We
construct Mγ , zγ , and ϕγ in three cases.
Case 1. γ is successor ordinal, say γ = α + 1. Then λγ = λα + ω. Put S = {λα + n: n ∈ ω}, which we identify with ω. By
Mrówka’s theorem [12, Theorem 3.11], there exists A ⊂ [S]ω a MADF with |A| = c and |βψ(S,A) \ ψ(S,A)| = 1. Let p be
the point such that βψ(S,A) = ψ(S,A)∪ {p}. Then put Mγ = Mα ∪ A. Items (i) and (ii) are clear for step γ ; so we show
(iii) and (iv). Now ψγ is the disjoint union of two clopen subsets (i.e., a topological sum):
ψγ = ψα ∪ ψ(S,A)
hence βψγ is the union of two disjoint clopen subsets:
βψγ = βψα ∪ βψ(S,A).
Therefore (βψγ \ ψγ ) \ βψα = {p}. Put zγ = p. This proves (iii) for step γ .
By (iv) ϕα : βψα \ψα → α +1 is a homeomorphism. Now we deﬁne ϕγ = ϕ ∪{(γ , zγ )}. Since zγ is isolated in βψγ \ψγ ,
and γ is an isolated ordinal in α + 2, we have that ϕγ is a homeomorphism from α + 2 = γ + 1 onto βψ(λγ ,Mγ ) \
ψ(λγ ,Mγ ).
Case 2. γ is a limit ordinal and cf(γ ) > ω. In this case deﬁne Mγ =⋃α<γ Mα . Since Mγ obviously satisﬁes (i) and (ii)
for step γ , we prove (iii) and (iv). In this case, we note that (iii) for step γ simpliﬁes to deﬁning zγ such that
(iii′) βψ(λγ ,Mγ ) \ (⋃{βψ(λα,Mα): α < γ }) = {zγ },
because
ψγ = λγ ∪ Mγ =
( ⋃
α<γ
λα
)
∪
( ⋃
α<γ
Mγ
)
=
⋃
{ψα: α < γ }.
Now deﬁne F = {βψγ \ βψα: α < γ }. Then F is a decreasing family of clopen subsets of βψγ . By compactness,
⋂
F = βψγ \
( ⋃
α<γ
βψα
)
= ∅.
Let p ∈⋂F . To prove (iii′) we need to show that p is the only point in ⋂F . If not, then there is q ∈⋂F with p = q. Let
U and V be disjoint open neighborhoods in βψγ of p and q respectively with U ∩ V = ∅ (closure in βψγ ). By recursion and
the property that every inﬁnite subset of λγ has a limit point in Mγ , we select ordinals αi < γ and elements Mi, Ai ∈ Mγ
such that Mi ∈ Mγ ∩ (U \ βψαi ) and Ai ∈ Mγ ∩ (V \ βψαi ) and Mi, Ai ∈ Mαi+1 . Put α = sup{αi: i ∈ ω}; then α < γ since
cf(γ ) > ω. Now we have two sequences of distinct points in Mα . Let x ∈ βψα be a limit point of the sequence (Mi)i and
let y ∈ βψα be a limit point of (Ai)i . Then x, y ∈ βψα \ψα , and x = y because U ∩ V = ∅. But then (βψα \ψα)\ [⋃ξ<α βψξ ]
has at least two points, a contradiction to the induction hypothesis (iii).
This completes the proof that
⋂F = {p}. Put zγ = p. This deﬁnition of zγ veriﬁes (iii) for step γ (for Case 2).
To prove (iv), we ﬁrst deﬁne ϕ =⋃α<γ ϕα = {(α, zα): α < γ }. The range of each ϕα is
βψα \ ψα = βψα ∩ (βψγ \ ψγ )
hence is open in (βψγ \ ψγ ). Thus ϕ is an increasing union of homeomorphisms ϕα whose domains and ranges are
increasing families of open subsets of γ and βψγ \ ψγ respectively. It follows that
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⋃
{βψα \ ψα: α < γ } = {zα: α < γ }
is a homeomorphism onto {zα: α < γ }. We have two locally compact spaces and a homeomorphism ϕ between them. It
follows that their one-point compactiﬁcations are homeomorphic, and such a homeomorphism is
ϕγ = ϕ ∪
{
(γ , zγ )
}
.
Case 3. cf(γ ) = ω. In this case we choose an increasing sequence αn of ordinals with γ = sup{αn: n ∈ ω}, and deﬁne
S = {λαn : n ∈ ω}. As in Case 1, let A ⊂ [S]ω be a Mrówka MADF with |A| = c, and let p denote the unique point in
βψ(S,A) \ ψ(S,A). By Zorn’s lemma there exists an ADF B ⊂ [λγ \ S]ω such that every B ∈ B is an increasing sequence
with supremum λγ , and satisﬁes the following maximality condition: “For every increasing sequence E ⊂ (λγ \ S) with
sup E = λγ , there exists B ∈ B such that |B ∩ E| = ω.” Since λγ < κ  c+ , we have |λγ |  c. Thus |[λγ ]ω|  c; so |B|  c.
We may assume that |B| = c since otherwise, we pick any B0 ∈ B and take N ⊂ [B0]ω a MADF with |N | = c, and use
(B \ {B0}) ∪ N instead of B. Since |A| = |B| = c, we may form the join A ⊕ B = {A ∪ ϕ(A): A ∈ A}, where ϕ : A → B is an
arbitrary bijection. Put
Mγ =
⋃
n∈ω
Mαn ∪ (A ⊕ B).
Items (i) and (ii) are clear for Case 3; so we show (iii) and (iv).
To simplify the notation further let
ψn = ψ(αn,Mαn ) for n ∈ ω,
ψS = ψ(S,A), and
Z = (βψγ \ ψγ ) \⋃n∈ω βψn .
To prove (iii) we need to prove: |Z | = 1. Suppose that |Z | > 1. Then there exist p,q ∈ Z , such that p = q. To obtain a
contradiction, we ﬁrst show that p,q ∈ (A ⊕ B). To show that p ∈ A ⊕ B, let U be a neighborhood of p in βψγ . Since βψn
is clopen in βψγ , the set U \ βψn is a neighborhood of p for all n ∈ ω. Since λγ is dense in ψγ , we can pick an increasing
sequence of ordinals (τn)n where τn ∈ U \ βψn for n ∈ ω. By the maximality property on B, there exist B ∈ B such that
B ∩{τn: n ∈ ω} is inﬁnite. Let E = ϕ−1(B)∪ B where ϕ is the bijection used in the construction of A⊕B. Then E ∈ U . Since
ψ-spaces are regular, this shows that every neighborhood of p meets A⊕B. This proves p ∈ (A ⊕ B). Similarly q ∈ (A ⊕ B).
Since βψγ is a Tychonoff space, let U be a zero set neighborhood of p in βψγ and let V be a zero set neighborhood
of q in βψγ with U ∩ V = ∅. Let us say that U = f −1(0) and V = g−1(0) where f , g : βψγ →R are continuous. We deﬁne
functions j,k : ψS →R as follows. For n ∈ S , deﬁne j(n) = f (n) and k(n) = g(n), and for A ∈ A, deﬁne j(A) = f (A ∪ ϕ(A))
and k(A) = g(A ∪ ϕ(A) where ϕ : A → B is the bijection that deﬁned the join of A and B.
First we show that j is continuous. Since ψS is ﬁrst countable, it suﬃces to show that whenever a sequence (xn)n in
the domain ψS converges to a point x, the image of the sequence converges to the image of the point in R [14, 10.5 (c)].
So let (xn)n be a sequence (without loss of generality) of distinct points in ψS that converges to a point x ∈ ψS . Clearly we
may assume that the points are isolated, i.e., {xn: n ∈ ω} ⊂ S and the limit point is not isolated, i.e., x ∈ A (say x = A ∈ A).
Then j(xn) = f (xn) and j(A) = f (A ∪ ϕ(A)) by deﬁnition of j. Since (xn)n converges to A ∈ A in ψS , also (xn)n converges
to A ∪ ϕ(A) in ψγ , and since f is continuous, the sequence ( f (xn))n converges to f (A ∪ ϕ(A)) in R. By deﬁnition of j, the
sequence ( j(xn)) converges to j(A) in R. Hence j is continuous. Similarly k is continuous.
Next note that j−1(0) ∩ A is inﬁnite. This follows because p is a limit point of (A ⊕ B), and f −1(0) is a neighborhood
of p in a Hausdorff space. Hence f −1(0) ∩ (A ⊕ B) is inﬁnite. It follows from the deﬁnition of j that j−1(0) ∩ A is inﬁnite.
Similarly k−1(0) ∩ A is inﬁnite. Since f −1(0) ∩ g−1(0) = ∅, also j−1(0) ∩ k−1(0) = ∅. Thus j−1(0) \ ψS and k−1(0) \ ψS
are disjoint non-empty subsets of βψS \ ψS . But this is impossible because (βψS \ ψS ) consists of exactly one point. This
completes the proof that |Z | = 1. Let zγ denote that point, i.e., deﬁne zγ so that
Z = (βψγ \ ψγ ) \
⋃
n∈ω
βψn = {zγ }.
With this deﬁnition of zγ we have veriﬁed (iii) for step γ .
We now verify (iv) for step γ . As in Case 2, we deﬁne
ϕ : λγ → βψγ \
⋃
{βϕn: n ∈ ω},
then ϕ :⋃{ϕαn : n ∈ ω} is a homeomorphism as in Case 2. We then deﬁne ϕγ = ϕ∪{(γ , zγ )}. That ϕγ is a homeomorphism,
follows as in Case 2; and this proves (iv) for Case 3. That completes the proof of Case 3, and the theorem.
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We recall a deﬁnition, e.g., see [4].
Deﬁnition 3.1. The cellularity of a space X (denoted c(X)) is deﬁned by
c(X) = sup{|U |: U is a pairwise disjoint family of non-empty open subsets of X}.
For any space X , c(X) d(X) (density was deﬁned in Section 1).
Lemma 3.2. If B ⊂ M, U is clopen in βψ and c(U ∩ (B \ B)) λ, then |U ∩ B| ω√λ = min{μ: μ is a cardinal and μω  λ}.
Proof. It suﬃces to show that λ |U ∩ B|ω , i.e.,
|U ∩ B| ∈ {μ: μ is a cardinal and μω  λ}.
Let {Oα: α < λ} be a family of pairwise disjoint non-empty open subset of U ∩ (B \ B). We may assume that {Oα: α < λ}
is pairwise disjoint family of non-empty subsets of U ∩ (B \ B) as well. Let {Vα: α < λ} be open in βψ such that Vα ⊂ U
and Vα ∩ (βψ \ ψ) = Oα for every α < λ. Since Vα ∩ (B \ B) = ∅, for every α < λ, Vα ∩ B is inﬁnite; so we may pick a
countably inﬁnite set Sα ⊂ Vα ∩ (U ∩ B). Put S = {Sα: α < λ}. Since S is an almost disjoint family and S ⊂ [U ∩ B]ω , we
have
λ |S| |U ∩ B|ω,
and this completes the proof. 
Lemma 3.3. Let κ ω, M ⊂ [κ]ω a MADF. Then d(βψ \ ψ) |M|ω = κω .
Proof. For each A ∈ [M]ω , A ∩ (βψ \ ψ) = ∅; so we may choose a limit point yA of A in (βψ \ ψ). We show that D =
{yA: A ∈ [M]ω} is dense in (βψ \ ψ). Let U be an non-empty open subset of βψ \ ψ ; say z ∈ U . By regularity, let W be an
open subset of βψ such that z ∈ W and W ∩ (βψ \ψ) ⊂ U . Then W ∩ M is inﬁnite. Let A be a countably inﬁnite subset of
W ∩ M. Since A is a closed discrete set in ψ , all limit points of A are in βψ \ ψ . We have
yA ∈ W ∩ (βψ \ ψ) ⊂ U ∩ (βψ \ ψ).
Thus D is dense in (βψ \ ψ), hence d(βψ \ ψ) |D| |M|ω = κω . This completes the proof. 
4. Ordinal remainders
Our goal was to determine exactly which ordinals can be remainders of which ψ-spaces. We can determine this in
almost all cases, but some open problems remain. We write X ∼= Y to mean that the space X is homeomorphic to the
space Y .
Theorem 4.1. If ω κ  c and δ < κ+ is an ordinal, then there exists M ⊂ [κ]ω a MADF such that βψ \ ψ ∼= δ + 1.
Proof. Let ω  κ  c, and δ < κ+ . If δ = 0, we apply Corollary 1.5 to get M0 ⊂ [κ]ω a MADF such that βψ \ ψ ∼= 1 =
δ + 1 (the space with exactly one element). If δ = n where 1 < n < ω, then for each i  n let κi be distinct copies of
κ , and let Mi be a copy of M0 on κi . Then |⋃in κi | = κ and M = ⋃in,Mi ⊂ [⋃in κi, ]ω is a MADF such that
ψ(
⋃
in κi,
⋃
in,Mi) is the sum of topological spaces (see [4, 2.2]) of n + 1 pairwise disjoint clopen copies of ψ(κ,M).
Thus βψ(
⋃
in κi,
⋃
in,Mi) ∼= n+1 = δ+1. Since |
⋃
in κi | = κ , we may assume that M ⊂ [κ]ω , thus we get βψ(κ,M) ∼=
n + 1 = δ + 1.
If ω  δ < κ , then we recall that in the proof of Theorem 1.3, we constructed for the limit ordinal λδ < κ , a family
Mα ⊂ [λα]ω such that βψ \ ψ ∼= δ + 1. Clearly, |κ \ λδ | = κ . Let M0 ⊂ [κ \ λδ]ω be a MADF such that |βψ \ ψ | = 1. Then
M = Mδ ∪ M0 ⊂ [κ]ω is a MADF such that βψ \ ψ ∼= (δ + 1) ⊕ 1 were ⊕ denotes the sum of topological spaces. Since δ is
inﬁnite (δ + 1) ⊕ 1 ∼= δ + 1.
For δ = κ , we call on Theorem 1.3 itself.
Finally for κ < δ < κ+ , since κ+  c+ , we again call on the proof of Theorem 1.3 to get Mλδ ⊂ [λδ]ω , such that βψ \
ψ ∼= δ + 1. Since |λδ| = κ , we may assume that Mλδ ⊂ [κ]ω , hence βψ(κ,Mλδ ) \ ψ(κ,Mλδ ) ∼= δ + 1. This completes the
proof. 
The above theorem does not consider κ = c+ as this requires special attention.
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Proof. Assume M ⊂ [c+]ω such that βψ \ ψ ∼= δ + 1. Then δ must be in the indicated range by Theorem 1.7, and Proposi-
tion 1.6. To show that all δ in this range can be obtained as remainders of some ψ-space on c+ , we ﬁrst note that if we have
M ⊂ [c+]ω such that βψ \ ψ ∼= c+ · n and c+ < δ < c+ · n, then we take a clopen set U in βψ such that U ∩ βψ \ ψ = [0, δ]
and put A = U ∩ M, and X = U ∩ c+ ∩ ψ . Then βψ(X,A) \ ψ(X,A) ∼= [0, δ] = δ + 1. The only property that might not
be clear is that |X | = c+ . To see this ﬁrst note that |A| = c+ by Lemma 3.3, and hence |X | = c+ because if |X |  c, then
|A| |X |ω = c. To ﬁnish the proof, we need only indicate how to get M ⊂ [c+]ω with βψ \ ψ ∼= c+ · n. For the case n = 1,
this follows from Theorem 1.3. For n = 2 we take two disjoint copies of the previous space, and so on by induction. 
The statement of Theorem 4.1 raises the following
Question 4.3. For ω κ  c does there exists a MADF M ⊂ [κ]ω such that βψ \ ψ ∼= κ+ + 1?
We can answer Question 4.3 at the end points κ = ω and κ = c. For κ = ω the answer is in the aﬃrmative, but for
κ = c the answer is in the negative. For the case κ = ω (hence κ+ = ω1) there exists M ⊂ [ω]ω a MADF such that
βψ \ ψ ∼= ω1 + 1 (this is mentioned by J. Terasawa [13, p. 102]). For the case κ = c (hence κ+ = c+) we are asked for a
MADF on c such that βψ \ ψ ∼= c+ + 1. If this holds, then regarding density we have d(βψ \ ψ) = c+ , but by Lemma 3.3.
d(βψ \ ψ) |M|ω  |c]ω = c, which is a contradiction.
In order to consider Question 4.3 for intermediate values of κ (i.e., ω < κ < c) it is obviously necessary to work in
models of the negation of the continuum hypothesis. We leave this as an open area for investigation, and we raise two
speciﬁc questions.
Problem 4.4. Consider the statements.
(1) There exists M ⊂ [ω]ω a MADF such that βψ \ ψ ∼= ω2 + 1.
(2) There exists M ⊂ [ω1]ω a MADF such that βψ \ ψ ∼= ω2 + 1,
(3) not CH.
Here is what we know about these three statements. (1) implies (2) implies (3), and (3) does not imply (1). To prove
that (1) implies (2): proceed as in the proof of Theorem 4.1 and put ω1 = ω ∪ (ω1 \ ω). By (1) let A ⊂ [ω]ω be a MADF
such that βψ(ω,A)\ψ(ω,A) ∼= ω2 +1, and let B ⊂ [ω1]ω be a MADF such that |βψ((ω1 \ω),B)\ψ((ω1 \ω),B| = 1. Then
M = A ∪ B ⊂ [ω1]ω is a MADF and βψ \ ψ ∼= ω2 + 1+ 1 ∼= ω2 + 1. Also (2) implies (3) by Lemma 3.3.
On the other hand, (3) does not imply (1): J. Baumgartner and M. Weese [1, p. 629] showed (in different terminology)
that in models constructed by adding ω2 or more Cohen reals to a model of CH, there does not exist M ⊂ [ω]ω such that
βψ \ ψ ∼= ω2 + 1.
This leaves the two problems: Does (3) imply (2)? Does (2) imply (1)?
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